Recently developed theories for perpendicular diffusion work remarkably well. The diffusion coefficients they provide agree with test-particle simulations performed for different turbulence setups ranging from slab and slablike models to two-dimensional and noisy reduced MHD turbulence. However, such theories are still based on different analytical approximations. In the current paper we use a test-particle code to explore the different approximations used in diffusion theory. We benchmark different guiding center approximations, simplifications of higher-order correlations, and the Taylor-Green-Kubo formula. We demonstrate that guiding center approximations work very well as long as the particleʼs unperturbed Larmor radius is smaller than the perpendicular correlation length of the turbulence. Furthermore, the Taylor-Green-Kubo formula and the definition of perpendicular diffusion coefficients via mean square displacements provide the same results. The only approximation that was used in the past in nonlinear diffusion theory that fails is to replace fourth-order correlations by a product of two second-order correlation functions. In more advanced nonlinear theories, however, this type of approximation is no longer used. Therefore, we confirm the validity of modern diffusion theories as a result of the work presented in the current paper.
INTRODUCTION
In astrophysics one is interested in studying the interaction between charged particles such as cosmic rays and the interplanetary or interstellar plasma (see, e.g., Schlickeiser 2002 for a review). In devices for controlled fusion one finds a very similar physical scenario (see, e.g., Spatschek 2008) . A very fundamental problem in transport theory is the diffusion of energetic particles across the mean magnetic field (see, e.g., Shalchi 2009 for a review). In order to attack the latter problem, one can use two different tools:
1. Analytical theory: here fundamental equations of motion such as the Newton-Lorentz equation are combined with different approximations and assumptions concerning the particle orbit; 2. Test-particle simulations: here one simulates a certain turbulence configuration, and the Newton-Lorentz equation is solved numerically for an ensemble of particles.
Both approaches have their advantages and disadvantages. The numerical approach, for instance, has the advantage that one can obtain quasi-exact results for the diffusion coefficients in the different directions of space. On the other hand, it is difficult to simulate particle transport so that a realistic turbulence configuration is considered. Previous simulations, for instance, have been performed mostly for magnetostatic turbulence or undamped plasma waves. Analytical theory is required in order to achieve a complete understanding of particle motion in plasmas. Furthermore, simple analytical forms of the different diffusion parameters are necessary in investigations of solar modulation (see, e.g., Engelbrecht & Burger 2014; Siluszyk et al. 2014; Zhao et al. 2014; Ahluwalia & Ygbuhay 2015; Manuel et al. 2015) and different shock acceleration scenarios (see, e.g., Dosch & Shalchi 2010; Li et al. 2012; Ferrand et al. 2014; Neergaard Parker & Zank 2014) . Those can only be obtained from analytical treatments of the transport.
Analytical descriptions of particle diffusion go back to Jokipii (1966) , where a quasi-linear theory was developed. However, it was discovered by astrophysicists and plasma physicists that quasi-linear theory does often not provide the correct perpendicular diffusion coefficient (see again Spatschek 2008; Shalchi 2009 ). As shown in Shalchi (2015b) , quasi-linear theory works only for perpendicular diffusion if pitch-angle scattering is suppressed and if the Kubo number is small. Therefore, nonlinear theories for perpendicular diffusion were developed such as the nonlinear guiding center (NLGC) theory of Matthaeus et al. (2003) . The latter theory is based on a certain set of approximations and assumptions. A further improvement, based on less approximations, has been achieved in Shalchi (2010) , where the unified nonlinear transport (UNLT) theory was presented. It was shown by comparing the latter theory with test-particle simulations that there is very good agreement in all considered cases, confirming the validity of the UNLT theory for different turbulence setups. Examples are listed in the following:
1. 3. Shalchi & Hussein (2014) compared NLGC and UNLT theories with test-particle simulations performed for the noisy reduced magnetohydrodynamic (NRMHD) model proposed by Ruffolo & Matthaeus (2013) . Good agreement was found between the UNLT theory and the simulations, but the NLGC theory did not agree with the simulations for some parameter regimes. 4. Hussein et al. (2015) compared the UNLT theory for a so-called noisy slab model to test the latter theory for small Kubo number turbulence and found almost perfect agreement.
Comparing simulations with analytical results is a valid method in order to test different theories. In the current paper, however, we use a different approach. We directly test the different approximations and assumptions frequently used in nonlinear diffusion theory. This will allow us to explore which approximation can indeed be used in transport theory. This will help us to understand better the basics of particle diffusion and to further optimize analytical theories.
In Section 2 we explain the used turbulence model and our test-particle code. In Sections 3-5 we explore numerically the validity of different guiding center approximations, the TaylorGreen-Kubo formula, and simplifications of higher-order correlations. In Section 6 we summarize and conclude.
METHODOLOGY
We perform numerical simulations by employing a testparticle code used before (see, e.g., Mace et al. 2000; Qin et al. 2002a , 2002b and Qin & Shalchi 2009 ). We consider a physical system with the setup described as follows. The total magnetic field is given by ( )
, where the mean magnetic field B 0 is assumed to be constant. The turbulent magnetic field component ( ) dB x is oriented perpendicular with respect to the mean field. To approximate the turbulence, we employ a two-component approach in which the corresponding correlation tensor
Here we have used the correlation tensor of the slab modes P mn slab and the 2D modes P mn 2D , respectively. The former tensor has the form
and the tensor of the 2D modes is given by
In both equations = m n x y , , and we have used the Kronecker delta d mn and the Dirac delta ( ) dk . Equations (3) and (4) contain the two turbulence spectra ( )
respectively. For these two functions we employ
based on the work of Bieber et al. (1994) and Shalchi & Weinhorst (2009) . In the two spectra defined above we have used the slab bendover scale l slab , the 2D bendover scale l 2D , the magnetic field strength of the slab modes dB slab , the magnetic field strength of the 2D modes dB 2D , the inertial range spectral index s, and the energy range spectral index q. In Equations (5) and (6) we have also used the normalization functions
Here ( ) G z denotes the Gamma function. Furthermore, the two spectra are correctly normalized for > s 1 and > -q 1. In order to calculate particle transport parameters, we use a simulation code used before (Mace et al. 2000; Qin et al. 2002a Qin et al. , 2002b Qin & Shalchi 2009 ) for the turbulence model described in this section. The slab spectrum is produced with a periodic box of size 
. In our simulations, the particles with the smallest energy have = R l 0.02 L slab , and thus  = k l 50 ,res slab , which is smaller than both k slab,max and k 2D,max . Therefore, all relevant scales are included in the spectrum. For the 2D bendover scale we set = l l 0.1 2D slab . The inertial range spectral index is assumed to be = s 5 3, and the energy range spectral index of the 2D modes is = q 1.5. This value of q satisfies the conditions discussed in Matthaeus et al. (2007) .
A critical parameter entering the simulations is the slab fraction determining how much energy is in the slab modes and how much in the 2D modes. Therefore, we define the following parameters: The slab fraction is then given by the ratio E E slab total . Furthermore, the particles have a certain kinetic energy. In diffusion theory it is convenient to use the unperturbed Larmor radius R L instead of energy or momentum. In numerical treatments of the transport the ratio R l L slab is a very useful variable for computing and plotting results. In the following sections we compute perpendicular diffusion coefficients of energetic particles for different values of the slab fraction 
EQUATIONS OF MOTION
A diffusion coefficient can be defined via mean square displacements ( ) á D ñ x 2 of the particle orbits, or via velocity correlation functions (see below for more details). However, it was shown more recently that these two definitions are sometimes not equivalent. If it comes to the drift coefficient or the parallel diffusion coefficient with adiabatic focusing, for instance, these two approaches of computing a diffusion parameter are not leading to the same result (see Shalchi 2011; Danos et al. 2013) . For the perpendicular diffusion coefficient, at least for the case that the aforementioned focusing effect is absent, the two definitions should be equivalent.
Diffusion Coefficients via Velocity Correlations
In the current paragraph we stick to the definition via velocity correlation functions in order to compute perpendicular diffusion coefficients. In this case we can employ the socalled TGK formulation (see Taylor 1922; Green 1951; Kubo 1957) , which allows for the calculation of the perpendicular diffusion coefficient via
Here we have used the x-component of the particle velocity vector v x . This component can easily be obtained from testparticle simulations. The index P used here emphasizes that the diffusion coefficient is computed via particle velocities.
Instead of the particle coordinates (x y z , , ), one can use the coordinates (see, e.g., Schlickeiser 2002)
, a , with the electric charge of the particle q, the rest mass m, the speed of light c, and the Lorentz factor γ. We like to point out that the coordinates defined in Equation (11) correspond only to the actual position of the guiding center in the unperturbed case (d = B 0) because only then is the guiding center well defined. Based on definition (11), and by employing the Newton-Lorentz equation for a purely magnetic scenario
we find for the x-component of the guiding center velocity (see Shalchi 2015a for more details)
Here we have used the mean magnetic field B 0 , the turbulent field dB x at the position of the charged particle ( ) x t , and the parallel component of the particle velocity vector v z . We define the perpendicular diffusion coefficient of the guiding center via
By combining Equations (13) and (14), we can compute the coefficient k xx GC . In linear and nonlinear analytical treatments of perpendicular diffusion, one usually starts with the following equation of motion (see, e.g., Matthaeus et al. 2003) :
where a is assumed to be constant. By comparing Equations (10)-(15), we find
In the following we perform test-particle simulations for the different parameters discussed in Section 2. For each parameter set we calculate the particle diffusion coefficient k xx P by using Equation (10) and the guiding center diffusion coefficient k xx GC by using Equation (14). Thereafter, we employ Equation (16) to compute the parameter a 2 . In Figures 1-5 we show our numerical results for the diffusion coefficients k xx P and k xx GC , as well as results for the ratio a 2 . According to our findings, the ratio a 2 is always very close to = a 1 2 , confirming the validity of the guiding center approximation used here. We confirm that using guiding center coordinates (see Equation (11)) rather than particle coordinates in the equation of motion is a valid approach. According to Figure 5 , this is even the case for high rigidities. Therefore, Equations (14) and (13) can be used to obtain the perpendicular diffusion coefficient of energetic particles.
From an analytical point of view we can understand our findings by considering the coordinate transformation (11).
, the difference between guiding center and particle coordinates is always smaller than the parameter R L . Since ( ) á D ñ µ x t 2 and ( ) á D ñ µ X t 2 , those differences disappear in the limit  ¥ t .
Diffusion Coefficients via Mean Square Displacements
Instead of computing diffusion parameters via the TGK formula as described above, we can also consider the corresponding mean square displacements. We define the running diffusion coefficient of the particle via
and the running diffusion coefficient of the guiding center via
The relation between x and X is given in Equation (11). We define the following parameter: Again we run our test-particle code for the slab/2D composite model. We perform the simulations for different parameters, and for each set we calculate the diffusion coefficient D xx P by using Equation (17) and the diffusion coefficient D xx GC by using Equation (18). Thereafter, we employ Equation (19) to compute the parameter b 2 . According to Figures 1-5 , we clearly find that the parameter b 2 is close to 1. Therefore, we conclude that Equation (13) is a valid equation of motion in the diffusion theory of energetic particles. Furthermore, we obtain the same results regardless of whether a diffusion coefficient is defined via mean square displacements or velocity correlation functions. This was predictable because the TGK formula can be derived from the diffusion coefficient defined via mean square displacements without questionable assumptions (see, e.g., Shalchi 2011).
APPROXIMATING FOURTH-ORDER CORRELATIONS
Above we have defined the diffusion coefficient of the particles via velocity correlation functions based on Equation (10). Furthermore, we defined the corresponding guiding center diffusion coefficient via Equation (14). The latter parameter can be rewritten as
where we have used Equation (13). In the second line we can see the emergence of a fourth-order correlation function involving magnetic fields and particle velocities. In Matthaeus et al. (2003) such fourth-order correlations were approximated by a product of two second-order correlations
leading to the aforementioned NLGC theory. Equation (21) corresponds to the assumption that particle velocities are uncorrelated with the local magnetic field. In the following we define the diffusion coefficient based on this approximation via
In order to check the accuracy of this approximation, we define the ratio
In the following we employ our test-particle code to determine the parameter c 2 . As before, we plot the latter parameter versus the ratio E E slab total . In Figures 1-5 we show again our results. Clearly, we can see that c 2 is far away from = c 1 2 for all considered parameter sets. This is, in particular, the case for slab-dominated turbulence. Therefore, we conclude that approximating fourth-order correlations by a product of two second-order correlations is not a valid approach in diffusion theory. We like to emphasize that the UNLT theory is not based on this approximation.
It was shown in Shalchi (2005) how higher-order correlations of the form
can be evaluated for slab turbulence. From such considerations it becomes clear why approximation (21) cannot work in the general case.
THE SECOND GUIDING CENTER APPROXIMATION
In test-particle simulations, as well as in analytical theory, the magnetic field
occurs. Of course, the magnetic field in equations of motion such as Equation (12) or Equation (13) has to be evaluated at the particle position x. In analytical treatments of the transport, however, it is often convenient to use the approximation
where X is again the guiding center position as defined via Equation (11). To not get confused with the approximation explored in Section 3, we call approximation (24) the second guiding center approximation, and we use the superscript GC2. In the following the parameter k xx GC2 denotes the diffusion coefficient in which approximation (24) is used:
Furthermore, we define the ratio
and again we employ our test-particle code to determine the parameter d 2 . As before, we plot the latter parameter versus the ratio E E slab total . According to Figures 1-5 , where k xx GC is the diffusion coefficient and k xx GC2 is the diffusion coefficient based on the second guiding center approximation (see Equation (24) validity of the second guiding center approximation for lowenergy particles. We can also obtain from Figure 4 and 5 that for slab-dominated turbulence the second guiding center approximation works much better than for 2D-dominated turbulence. Our findings agree well with the analytical predictions presented in Shalchi (2015a Shalchi ( , 2016 . In Figure 6 we show the parameter d 2 versus the ratio R l L slab , which is a measure for the magnetic rigidity of the particle. This shows us what finite gyroradius corrections look like. For 2D-dominated turbulence such corrections are more important than for slab-like turbulence. For 2D-like turbulence finite gyroradius effects reduce the perpendicular diffusion coefficient. All conclusions are in qualitative agreement with the analytical work presented in Shalchi (2015a Shalchi ( , 2016 .
SUMMARY AND CONCLUSION
Analytical theories for perpendicular diffusion have to be nonlinear because a quasi-linear theory of particle transport only works for the case in which pitch-angle scattering is suppressed and the Kubo number
0 is small (see Shalchi 2015b). Nonlinear theories such as the NLGC and UNLT theories, on the other hand, are based on different approximations, such as various guiding center approximations. By using a test-particle code, we have benchmarked those approximations. We obtained the following conclusions:
1. Equation (13) can be used to replace the Newton-Lorentz Equation (12) as a starting point in order to derive nonlinear theories, since the parameter a 2 defined in Equation (16) is close to 1, as shown in Figures 1-5 Matthaeus et al. (2003) it was suggested to approximate fourth-order correlations involving particle velocity vector components and magnetic field vector components by a product of two second-order correlations (see Equation (21) of the current paper). As shown in Figures 1-5 , this approximation is not valid. In particular, for slab-like turbulence this approximation fails. The UNLT theory is not based on this type of approximation. 4. In analytical treatments of the transport it is often useful to calculate the magnetic field at the guiding center position instead of the particle position corresponding to approximation (24). According to Figures 1-5, this type of approximation is accurate as long as low particle rigidities are considered. In the cases of high particle rigidities, this type of guiding center approximation works better for slab-dominated turbulence. The latter conclusion is in qualitative agreement with the analytical work of Shalchi (2015a Shalchi ( , 2016 .
Based on the findings listed above, we conclude that all approximations frequently used in nonlinear diffusion theory are accurate, at least for the considered parameter regime. To approximate fourth-order correlations by a product of two second-order correlations (see Equation (21)), however, does not work well. This is, in particular, the case for slab-like turbulence. Modern transport theories such as the UNLT theory developed and presented in Shalchi (2010) are no longer based on this type of approximation. Therefore, we conclude that modern nonlinear diffusion theories are based on reliable and accurate approximations and assumptions. This is important because analytical theories are required to obtain simple analytical forms of diffusion parameters, which can then be incorporated in different numerical codes such as codes used for simulating diffusive acceleration at interplanetary or interstellar shock waves.
For higher particle energies, however, finite gyroradius corrections can be important because they reduce the perpendicular diffusion coefficient, as was already described in Neuer & Spatschek (2006) . In the current paper we have shown this effect by using computer simulations (see Figure 6 ). We can see that this reduction of the diffusion coefficient is stronger for 2D turbulence and vanishes for slab turbulence, as already predicted in Shalchi (2015a Shalchi ( , 2016 .
Another approximation that is frequently used in nonlinear diffusion theory is the so-called random phase approximation, which is also known as Corrsinʼs independence hypothesis (see Corrsin 1959) . The latter approximation was used in diffusion theory already by Lerche (1973) but also in more recent work (see, e.g., Matthaeus et al. 2003; Shalchi 2010 ). In the current paper this type of approximation was not tested because of numerical difficulties. Therefore, it will be the subject of future work to investigate in detail the validity of the Corrsin approximation in diffusion theory.
